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An energy extracting black hole magnetosphere can be defined by the location of its inner Alfve´n
surface, which determines the rate of black hole energy extraction along a given magnetic field line.
We study how the location of the inner Alfve´n surface can modify the structure of energy extracting
black hole magnetospheres in the force-free limit. Hundreds of magnetospheres are numerically
computed via a general relativistic extension of the Newtonian magnetofrictional method for a full
range of black hole spins and flow parameters. We find that jet-like structures naturally form very
close to the horizon for Alfve´n surfaces near the boundary of the ergosphere and that energy is
extracted towards the equatorial plane for Alfve´n surfaces close to the horizon. This suggests that
two broad classes of energy extracting black hole magnetospheres might exist; those that transmit
extracted energy directly to distant observers, and those that transmit extracted energy to nearby
accreting matter. Applied to transient high energy phenomena, we find that they might also differ
in timescale by a factor of 20 or more.
I. INTRODUCTION
When a rotating black hole is immersed in a magnetic
field supported by a plasma, it is possible for that mag-
netic field to carry an electromagnetic Poynting flux of
energy and angular momentum away from the black hole
to a distant observer. Conservation of energy and angu-
lar momentum requires that the spin of the black hole be
reduced; it is therefore said that such a magnetosphere
extracts rotational energy from the black hole.
This type of electromagnetic black hole energy extrac-
tion is often referred to as the Blandford-Znajek mecha-
nism after Blandford and Znajek [1] who described it in
terms of a stationary, axisymmetric, and force-free black
hole magnetosphere. They showed that such a magneto-
sphere can efficiently extract an enormous amount of en-
ergy, and ever since black hole energy extraction has been
considered as a possible mechanism powering a range of
astrophysical phenomena, from stellar mass black holes
in gamma-ray bursts to supermassive black holes in ac-
tive galactic nuclei.
The Blandford-Znajek mechanism is not the only way
to extract black hole rotational energy (Lasota et al. [2]
reviews others), nor is it strictly necessary for magnetic
field lines to cross the horizon in order to extract black
hole rotational energy (Komissarov [3] and references
therein). However the simple idea of a single magnetic
field line connecting the horizon to distant observers can
be seductive, as it is reminiscent of the more familiar
and well understood case of a magnetic field line thread-
ing and torquing a rotating body. As one might na¨ıvely
expect from such an analogy, Blandford and Znajek [1]
showed that for black hole energy to be extracted along a
given magnetic field line that field line must rotate more
slowly than the black hole. In Takahashi et al. [4] it was
demonstrated that the condition of a relatively slowly ro-
tating magnetic field line is actually the force-free limit
of the requirement that a plasma inflow become super-
Alfve´nic inside the ergosphere.
Despite the defining role that the location of the in-
ner Alfve´n surface plays in determining whether or not
a given magnetosphere extracts black hole rotational en-
ergy, it is currently unknown how the shape and location
of the Alfve´n surface might correspond to changes in the
structure of a magnetosphere. The differences (if any)
between a magnetosphere with an Alfve´n surface near
the horizon and a magnetosphere with an Alfve´n surface
near the boundary of the ergosphere are largely uncer-
tain. This is due to the extreme intractability of the
equations governing plasma flows in rotating black hole
spacetimes, most especially the transfield equation that
describes the force balance transverse to magnetic field
lines (Nitta et al. [5]). Currently no exact solutions of
magnetospheres with plasma flows satisfying the trans-
field equation are known, so there is no robust analytic
method of studying any potential correspondences be-
tween Alfve´n surface location and magnetosphere struc-
ture.
In the force-free limit plasma inertial effects are ig-
nored, the inner Alfve´n surface coincides with the inner
light surface described by the field line angular velocity
of the magnetosphere, and the transfield equation simpli-
fies to a purely electromagnetic condition. Due to those
simplifications it is natural to consider the limit of force-
free magnetospheres as a first step in attempting a study
of the effects of Alfve´n surface location. Unfortunately
despite its relative simplicity the force-free limit of the
transfield equation has very few analytic solutions, pri-
marily limited to a handful of energy extracting mag-
netospheres found by perturbing in black hole spin (e.g.
Blandford and Znajek [1], McKinney and Gammie [6],
Pan and Yu [7]) and a single class of fully exact but
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2non energy extracting (and mostly unphysical) solutions
(Menon and Dermer [8] and Gralla and Jacobson [9]).
Therefore even in the force-free limit there is also no ro-
bust analytic method of studying the effects of Alfve´n
surface location.
Current numerical solutions and simulations also lack
significant utility, as the nature of the Alfve´n surface is
ultimately an unknown function of the specific choice of
boundary conditions and related initial assumptions that
are made. This means that the Alfve´n surface at best a
result to be reported rather than an input to be explored,
making it difficult to study how differing Alfve´n surfaces
might correspond to changes in magnetosphere structure.
The goal of this work was to study how Alfve´n sur-
face location might correspond to the structure of energy
extracting black hole magnetospheres, thereby beginning
to fill a gap in our understanding of black hole energy
extraction. Due to the lack of useful analytic solutions it
was necessary to calculate magnetospheres numerically.
For simplicity we focused on the limit of force-free mag-
netospheres. We also focused on magnetospheres with
a boundary condition in the equatorial plane compat-
ible with a monopolar geometry; this avoids the con-
founding affects of the arbitrarily large forcings alter-
native boundary conditions can exert on the magneto-
sphere. This boundary condition is also compatible with
those used to calculate magnetospheres in Contopoulos
et al. [10] and Nathanail and Contopoulos [11] as well as
the perturbed monopole solutions originally calculated
by Blandford and Znajek [1], allowing us to more easily
compare our results with those works.
To form an initial survey it was necessary to calculate
a large number of magnetospheres for a wide range of
potential black hole spins and field line angular veloci-
ties (ultimately ∼ 500 magnetospheres were found), so
we developed numerical techniques that are efficient at
calculating magnetospheres with similar structures.
Those numerical techniques are described in Section
III. In Section II we provide some background on both
ideal and force-free magnetospheres as well as the as-
sumptions and equations we use. In Section IV we state
some of our results, which we discuss in more depth in
Section V before concluding.
II. BACKGROUND AND ASSUMPTIONS
In the stationary and axisymmetric limit, force-free
black hole magnetospheres are naturally described by
three scalar fields: the toroidal vector potential Aφ(r, θ),
the field line angular velocity ΩF(Aφ), and the toroidal
magnetic field Bφ(Aφ). In order to form a valid solu-
tion those scalar fields must satisfy a single differential
equation, the force-free limit of the general relativistic
Grad-Shafranov (or transfield) equation. For black hole
rotational energy to be extracted along a given field line
that field line must rotate slower than the black hole;
0 < ΩF < ωH, where ωH is the angular velocity of the
horizon. In this section we provide a brief review of
those results and the assumptions they rely on. With
the primary exception of Bφ, which we define with op-
posite sign, the notation used is largely compatible with
that of Blandford and Znajek [1] and Takahashi et al.
[4] to facilitate comparison with those works; significant
discrepancies will be noted. Throughout we use covari-
ant 4-vector notation; Thorne and MacDonald [12] and
Komissarov [3] provide reviews of and translations to the
3+1 formulations often used in other works.
A. Core Assumptions
We begin by assuming a stationary, axisymmetric, un-
charged, and isolated black hole such that the spacetime
may be described by the Kerr metric in Boyer-Lindquist
coordinates. Using a (+,−,−,−) metric signature and
units where c = G = 1, this corresponds to the line ele-
ment:
ds2 =
(
1− 2mr
Σ
)
dt2 +
4mar sin2 θ
Σ
dtdφ− Σ
∆
dr2
− Σdθ2 − A sin
2 θ
Σ
dφ2, (1)
where
Σ = r2 + a2 cos2 θ,
∆ = r2 − 2mr + a2,
A =
(
r2 + a2
)2 −∆a2 sin2 θ. (2)
The black hole is then immersed in a perfectly con-
ducting (ideal) plasma and electromagnetic fields that to-
gether lack sufficient energy density to modify the back-
ground spacetime. The plasma and electromagnetic field
configuration is also assumed to be stationary and ax-
isymmetric, with an axis of symmetry corresponding to
the rotational axis of the black hole. The electromagnetic
fields must be consistent with Maxwell’s equations in a
coordinate basis:(√−gFαβ)
,β
= −4pi√−gJα,
Fαβ,γ + Fβγ,α + Fγα,β = 0. (3)
Here Fαβ is the field strength tensor, Jα is the current
four vector, g is the metric determinant, and a comma
denotes a partial derivative. We use Greek letters to de-
note spacetime indices (α = t, r, θ, φ), lowercase Latin
letters to denote spatial indices (a = r, θ, φ), and upper-
case Latin letters to denote poloidal indices (A = r, θ).
The field strength tensor may be expressed in terms of
an electromagnetic vector potential Aα as:
Fαβ = Aβ,α −Aα,β . (4)
In this form it is clear that the toroidal electric field van-
ishes (Ftφ = 0) due to the assumptions of stationarity
3and axisymmetry, so “toroidal field” always references a
toroidal magnetic field. The stress energy tensor outside
the horizon is taken to be a linear combination of plasma
and electromagnetic effects:
Tαβ = TαβPlasma + T
αβ
EM
= (ρ+ p)uαuβ − pgαβ
+
1
4pi
gαµFµλF
λβ +
1
16pi
gαβFµλF
µλ, (5)
where ρ and p reference the proper energy density and
pressure of the plasma, and uα its four velocity.
We finally assume that there is no external forcing (en-
ergy and momentum is conserved) over any region of in-
terest such that the divergence of the stress energy tensor
vanishes everywhere:
Tαβ ;β = 0. (6)
Everything that follows rests upon the above assump-
tions and conditions.
B. Field Aligned Conserved Quantities
The three scalar fields that describe a force-free magne-
tosphere (vector potential Aφ, field line angular velocity
ΩF, and toroidal magnetic field Bφ) are field-aligned con-
served quantities in the sense that for a scalar field Ψ we
have:
BαΨ,α = 0. (7)
Here Bα is the magnetic field measured by a distant ob-
server, which we define as:
Bα =
1
2
√−g 
αβµνkβFµν , (8)
where kβ is the Killing vector associated with the sta-
tionarity of the spacetime.
The toroidal vector potential Aφ directly describes the
poloidal magnetic field, making it a useful flux function
to trace poloidal magnetic field lines. The conservation of
Aφ rests upon stationarity and axisymmetry, so Aφ is also
a valid flux function in non force-free magnetospheres.
The conservation of field line angular velocity ΩF is the
general relativistic extension of Ferraro’s law of isorota-
tion. The field line angular velocity is defined in terms
of the field strength tensor as:
FrφΩF = Ftr,
FθφΩF = Ftθ. (9)
This states that all electric fields are the result of the
rotation of a purely magnetic configuration with angu-
lar velocity ΩF (referenced to zero angular momentum
frames). The rigid rotation of individual magnetic field
lines through the conservation of ΩF is a consequence
of stationarity, axisymmetry, and a perfectly conduct-
ing plasma, so it is also valid in non force-free magneto-
spheres.
The toroidal field Bφ is defined through the definition
of the magnetic field Bα in Equation 8 as Bφ =
√−gF θr.
This has opposite sign to the definition in Blandford
and Znajek [1], so for the remainder of this work the
toroidal field will be referred to as
√−gF θr to avoid con-
fusion. The conservation of the toroidal field may be
understood by considering Poynting fluxes through the
magnetosphere. The only electric field is the result of ro-
tating a purely magnetic configuration, and is therefore
both entirely poloidal and perpendicular to the poloidal
magnetic field. Therefore all poloidal Poynting fluxes are
weighted only by the toroidal magnetic field and aligned
with the poloidal magnetic field. As such the toroidal
field is naturally interpreted as a measure of a conserved
flux of energy E and angular momentum L per unit field
line:
E =
1
4pi
√−gF θrΩF,
L =
1
4pi
√−gF θr. (10)
Note that these definitions differ from those in Takahashi
et al. [4]; in that work they are scaled by a conserved par-
ticle flux η as E → ηE and L → ηL. The conservation
of the toroidal field along magnetic field lines is a con-
sequence of stationarity, axisymmetry, and a perfectly
conducting force-free plasma; in non force-free magneto-
spheres E and L include plasma parameters and
√−gF θr
is not conserved.
Varied derivations and discussions of these and other
field-aligned conserved quantities may be found in Bland-
ford and Znajek [1], Bekenstein and Oron [13], Camen-
zind [14], and Takahashi et al. [4].
C. Critical Points and Energy Extraction
In this section we explore key points along magnetic
field lines and examine the conditions required for a mag-
netosphere to extract black hole rotational energy. We
begin by making two assumptions that are unnecessary
in general but greatly simplify the discussion. First, we
assume a single magnetic field line that extends directly
from the horizon to a distant observer. Second, we insist
that this field line be “simple” in the sense that the dis-
tance from the horizon decreases monotonically as one
travels along the field line towards the black hole; a use-
ful mental image is a straight line connecting the horizon
with distant regions.
Along any such field line there are seven key points,
the first being the separation point. Inside the separa-
tion point gravitational forces dominate and draw plasma
inwards to the horizon; outside the separation point cen-
trifugal forces in the rotating frame of the magnetic field
line dominate and accelerate plasma away from the black
4hole. The remaining six points are the ingoing and out-
going slow magnetosonic, Alfve´n, and fast magnetosonic
points through which the plasma accelerates as it trav-
els from the separation point to the horizon or distant
regions. In the force-free limit the ingoing slow mag-
netosonic point coincides with the separation point, the
ingoing Alfve´n point coincides with the inner light sur-
face, and the ingoing fast magnetosonic point coincides
with the horizon.
The inner and outer light surfaces are defined by the
inner and outer surfaces exterior to the horizon where
α = 0 (α is defined in Equation 14 in the next sec-
tion). The outer light surface is analagous to a pulsar
light cylinder, where rigid rotation would cause a parti-
cle stuck to a magnetic field line to rotate at the speed of
light. The particle would also rotate at the speed of light
at the inner light surface as a consequence of gravita-
tional time dilation, and it would be subluminal between
the light surfaces.
A field line extracts black hole rotational energy when
its ingoing Alfve´n point is located inside the ergoregion.
In the force-free limit this reduces to the requirement
that the magnetic field line rotate more slowly than the
black hole:
0 < ΩF < ωH. (11)
Here ωH = a/2mr+ is the angular velocity of a zero an-
gular momentum observer on the horizon. In general
there exist regularity conditions at each of the slow mag-
netosonic, Alfve´n, and fast magnetosonic points. In the
force-free limit the most useful of these is that of the ingo-
ing fast magnetosonic point, which reduces to a condition
on the fields at the horizon:
√−gF θr = ±
(
r2+ + a
2
)
(ΩF − ωH) sin θ
Σ
Fθφ. (12)
The equations in use are insensitive to the sign of the
toroidal field, but if an ingoing observer on the horizon
is to measure finite electromagnetic fields Znajek [15]
showed that the negative branch must be chosen. This
“Znajek condition” does not place any additional restric-
tions on the fields. It was already present in our core
assumptions, most importantly the conservation of en-
ergy and momentum in the vanishing divergence of the
stress energy tensor. However it can be a simple check
to ensure that a solution is valid on the horizon.
Further discussion of the key points along a magnetic
field line may be found in Takahashi et al. [4] and Taka-
hashi [16].
D. The Force-Free Transfield Equation
In our core assumptions we demanded that there be
no external forcing on the magnetosphere, as stated in
the requirement that Tαβ ;β = 0. If the poloidal compo-
nents of this requirement are satisfied then the temporal
and toroidal components are automatically satisfied. We
therefore focus on the two poloidal components, which
may be reduced to a single differential equation; this
equation is often referred to as the “transfield equation”
as it encapsulates the force balance transverse to poloidal
magnetic field lines. In the force-free limit the transfield
equation is given by (cf. Equation 3.14 of Blandford and
Znajek [1]):
0 =
1
2
Σ
∆ sin θ
d
dAφ
(√−gF θr)2
+
1
sin θ
[αFrφ],r +
1
∆
[ α
sin θ
Fθφ
]
,θ
− Gφ
sin θ
(
FrφΩF,r +
1
∆
FθφΩF,θ
)
, (13)
where
α = gtt + 2gtφΩF + gφφΩ
2
F,
Gφ = gtφ + gφφΩF. (14)
The function α−1/2 may be interpreted as the “gravita-
tional Lorentz factor” of a particle stuck to a magnetic
field line, describing the effects of both rotation and grav-
itational time dilation, while Gφ may be interpreted as a
measure of that particle’s rotational velocity with respect
to the spacetime.
Solving the transfield equation is the core difficulty of
finding black hole magnetospheres. In the stationary and
axisymmetric limit of a rotating black hole, only one ex-
act class of solutions is currently known (first published
by Menon and Dermer [8] and discussed in a more general
framework by Gralla and Jacobson [9]):
Aφ = B0h(θ),
ΩF =
1
a sin2 θ
,
√−gF θr = B0 1
a
g(θ). (15)
Here B0 is a scalar measure of the strength of the poloidal
magnetic field; h and g are arbitrary functions of θ that
must satisfy (prime denoting a derivative with respect to
θ):
h′ = −g sin θ. (16)
Solutions of this type generically contain an unphysical
divergence in ΩF in both the θ → 0 and low black hole
spin a→ 0 limits, and are therefore mostly mathematical
curiosities. They also do not extract rotational energy
from the black hole along any field lines, further limiting
their interest. However we still find them to be useful
tools in determining the potential precision of a given
numerical grid; see Sections III D and IV D.
In the limit of a non-rotating (a = 0) Schwarzschild
black hole, there does exist a more reasonable variety of
5exact rotating “monopolar” solutions, given by:
Aφ = B0 cos θ,
ΩF = Ω0,√−gF θr = B0Ω0 sin2 θ. (17)
Such solutions do not extract rotational energy from the
black hole (it has none to extract) but nontheless serve
as a convenient starting point for exploring black hole
energy extraction. These solutions are sometimes stated
as “split-monopole” solutions by changing the sign of B0
below the equatorial plane and appealing to an equatorial
current sheet. For simplicity we will always refer to them
as “monopolar” solutions, as regardless of interpretation
there is still reflection symmetry across the equatorial
plane. However it should be noted that “monopolar”
references only the poloidal magnetic field; there is often
a significant toroidal field, as can be seen in the Ω0 6= 0
solutions. Setting Ω0 = 0 for a static monopole and
applying that solution to a slowly rotating black hole by
perturbing in black hole spin (as in Blandford and Znajek
[1] and more recently Pan and Yu [7]) yields:
Aφ = B0 cos θ −
{
a2
m2
B0R (r) cos θ sin
2 θ
}
,
ΩF =
a
8m2
+
{
a3
32m4
[
1 +
1
2
(1− 2R2) sin2 θ
]}
,
√−gF θr = −B0 a
8m2
sin2 θ
−
{
B0a
3 sin2 θ
32m4
[
1 +
1
2
(1− 4R2) sin2 θ
+ 8R (r) cos2 θ
]}
, (18)
where
R (r) =
1
m2
[
m2 + 3mr − 6r2
12
ln
( r
2m
)
+
11m2
72
+
m3
3r
+
mr
2
− r
2
2
]
+
(
2r3 − 3mr2
8m3
)[
Li2
(
2m
r
)
− ln
(
1− 2m
r
)
ln
( r
2m
)]
,
R2 =
1
72
(
6pi2 − 49) , (19)
and Li2 is the dilogarithm, defined as:
Li2(x) =
∫ 0
x
1
t
ln (1− t) dt. (20)
The higher order corrections by Pan and Yu [7] (and
McKinney and Gammie [6]) are shown in curly brackets.
It is possible to extend the above to include O(a5) cor-
rections, but the solutions achieve a level of complication
far surpassing the point of reason. There are two things
to note from the above expressions; first, and most ob-
viously, is that attempting to find perturbed solutions is
not a trivial undertaking. Perturbing one of the simplest
possible magnetic field configurations is effectively im-
possible past O(a2) corrections to Aφ. The second thing
to note that the leading order correction to Ω0 = 0 is
ΩF = 0.5ωH (to first order in a). This has partly con-
tributed to the “rule of thumb” that energy extracting
black hole magnetospheres should rotate at one half the
rate of the black hole (ΩF ≈ 0.5ωH also extracts the max-
imum amount of black hole energy for low spin).
Exploring the Ω0 6= 0 solutions was one of the ini-
tial questions that prompted our work, as they naturally
encompass a full range of inner Alfve´n surfaces and cor-
responding magnetospheres. Unfortunately analytically
perturbing around such solutions is even more intractable
than the already non-trivial Ω0 = 0 case, so we developed
numerical techniques to solve for the structure of black
hole magnetospheres. Discussion of those techniques is
the topic of Section III.
E. Additional Assumptions
In addition to the core assumptions of Section II A,
we make two additional simplifying assumptions guided
by our goal of studying correspondences between inner
Alfve´n surface location and magnetosphere structure.
The first is the assumption of a monopolar geometry, in
the sense that the poloidal magnetic field line threading
the horizon on the equator must remain on the equa-
tor. This assumption is enforced via a boundary condi-
tion on the flux function Aφ; we require that Aφ be con-
stant in the equatorial plane. In making this assumption
we were guided by a desire to extend the Schwarzschild
monopole solutions of Equation 17 to rotating spacetimes
and to avoid assuming a specific model for nearby ac-
creting matter. Without the presence of such matter to
restrict magnetic field lines, a configuration with vary-
ing vector potential in the equatorial plane could violate
the condition that there can be no closed horizon loops
in stationary force-free magnetospheres (see MacDonald
and Thorne [17] and additional discussion in Gralla and
Jacobson [9]). Additonally, boundary conditions encod-
ing an assumed model of matter in the equatorial plane
or elsewhere have the potential to exert arbitrarily large
forcings on the magnetosphere, confounding attempts to
explore basic correlations between Alfve´n surface loca-
tion and magnetosphere structure. The interested reader
may see Uzdensky [18] for some complications induced
by horizon-disk connections and Fendt [19] for disk-jet
connections.
The second assumption we made is that of uniform
field line angular velocity, as that is the simplest possible
method of classifying inner light surfaces (inner Alfve´n
surfaces in the force-free limit) and allowed us to know ex-
actly where the inner light surface would be prior to cal-
6culating the structure of the field lines that pass through
it. While it is convenient, this assumption restricts us
to a region outside the horizon that is bounded by the
outer light surface. This is due to the fact that our dissi-
pative numerical techniques cannot generically find mag-
netospheres that pass smoothly through both inner and
outer light surfaces under the assumption of uniform field
line angular velocity, even if such solutions exist (we dis-
cuss smoothness at light surfaces in Section III B). Ul-
timately we do not believe this to be nearly as limiting
an assumption as it might initially appear, but it is still
the most awkward assumption that we have made. As
such we return to it in Section V A with more detailed
discussion.
III. NUMERICAL TECHNIQUES
In order to numerically solve for a large number of
black hole magnetospheres, we have extended the Newto-
nian magnetofrictional method developed by Yang et al.
[20] to the general relativistic regime. The magnetofric-
tional method makes an initial guess as to the structure
of a force-free magnetosphere and then gradually relaxes
the fields towards a valid force-free state. This makes it
a useful tool for exploring our parameter space; once a
solution for a given black hole spin and field line angular
velocity is known adjacent solutions for slightly differ-
ent values are readily found. In this section we discuss
the underlying theory of the magnetofrictional method
as well as the computational specifics of our implemen-
tation.
A. The Magnetofrictional Method
Once initial guesses have been made for a vector poten-
tial Aφ, field line angular velocity ΩF, and toroidal field√−gF θr, they may be inserted into the transfield equa-
tion to see if those guesses form a valid solution. This is
equivalent to determining if the poloidal components of
the divergence of the stress energy tensor vanish:
TAβ ;β = X
A. (21)
If the initial guesses formed a valid and self consistent
force-free solution then XA would vanish, but in general
XA 6= 0 and there is an excess momentum flux that may
be interpreted as an external forcing. The core idea of the
magnetofrictional method is to take that external forcing
and convert it into the coordinate velocity of a fictitious
plasma via friction. In this way a physically invalid (or
at least inconsistent) initial guess for a force-free mag-
netosphere may be converted into a valid non force-free
magnetosphere, and the fields may be evolved towards a
force-free state by applying the equations governing in-
ertial plasma flows. The first step in this process is to
evaluate the excess momentum flux XA, which is found
as a modification to the left hand side of the transfield
equation (Equation 13):
−4piΣ sin θ XA
Aφ,A
=
1
2
Σ
∆ sin θ
d
dAφ
(√−gF θr)2 +. . . (22)
Once the excess momentum flux has been determined, it
may be converted into the coordinate velocity of a ficti-
tious plasma vA (vr = ∂r/∂t, vθ = ∂θ/∂t) via friction:
XA =
1
ν
vA. (23)
Here the coefficient ν measures the strength of the fric-
tion. We then assume that the fictitious plasma is a
perfect conductor such that there is no electric field in
its rest frame:
Fαβu
β = 0. (24)
Here uα is the four velocity of the plasma, which we define
in terms of its coordinate velocity as vc ≡ uc/ut. The
above may then be used to find:
Ftc = Fcbv
b. (25)
If we insert this relationship into Maxwell’s homogeneous
equations (Equation 3) we find the relativistic analog of
the ideal induction equation ∂tB = ∇×(v×B):
Fab,t = (Fbcv
c),a − (Facvc),b . (26)
Inserting either Fθφ or Frφ into the above then shows
that the time rate of change of the vector potential Aφ
is given by:
Aφ,t = −vAAφ,A. (27)
In Appendix A we prove that application of this equation
inevitably leads to a force-free configuration and in Ap-
pendix B we expand it in Boyer-Lindquist coordinates.
Although the coordinate velocity vA is a complicated
function of the metric and electromagnetic fields, at a
high level the magnetofrictional method reduces to the
straightforward evolution of an advection equation. A va-
riety of numerical techniques for evolving such equations
exist. For simplicity we have implemented an upwind
differencing scheme similar to that described in Hawley
et al. [21]. More sophisticated techniques might converge
on a valid solution more rapidly, but we found upwind
differencing to be both very numerically stable and fast
enough for our purposes.
We also note that the relaxation scheme implemented
by Uzdensky [18] is similar to the method described
above, in that it uses Aφ,t ∼ vA; the primary difference
is in the weighting of vA.
B. Fixing Kinks
The magnetofrictional method described above is lim-
ited by the development of kinks in the magnetic field,
7which we now discuss. The transfield equation (Equa-
tion 13) changes character at the inner and outer light
surfaces where the gravitational Lorentz factor α changes
sign. This change in character is transmitted to the co-
ordinate velocity vA of the fictitious plasma, which goes
as:
vA ∼ α (Aφ,rr +Aφ,θθ) . (28)
On the inner and outer light surfaces α vanishes; it is
positive between them and negative outside. To avoid
having our numerical scheme become anti-diffusive and
unstable, outside the light surfaces we introduce an over-
all multiplicative factor of −1 to maintain stability. This
factor may be thought of as a correction for the fact that
the fictitious plasma introduced by the magnetofrictional
method is superluminal outside the light surfaces, and
does not affect convergence.
However the change in sign of α does split the compu-
tational domain into three regions, and in general those
regions do not join smoothly. In other words for an ini-
tial guess of field line angular velocity ΩF and toroidal
field
√−gF θr, the solutions that the magnetofrictional
method finds for Aφ will in general not match across
light surfaces. Treating Aφ as a flux function, this leads
to discontinuous “kinks” in the magnetic field at the in-
ner and outer light surfaces. As there are two light sur-
faces, both the field line angular velocity and the toroidal
field could be evolved simultaneously in order to diminish
both kinks, as in Contopoulos et al. [10] and Nathanail
and Contopoulos [11].
However, as stated in Section II E, for simplicity we
have chosen to use a fixed and uniform field line angular
velocity so we do not have the freedom required to generi-
cally diminish both kinks using the inherently dissipative
magnetofrictional method. We therefore divide the com-
putational domain into two regions, one inside the inner
light surface and one between the light surfaces, and only
diminish the kink at the inner light surface by evolving
the toroidal field. The limitations and advantages of this
approach are discussed in Section V A.
In order to measure the kink at the inner light surface,
the magnetofrictional method is applied separately to the
regions on either side until an empirical “zero level” in
the velocity vA is reached. A vanishing plasma coordi-
nate velocity corresponds to XA = 0 and a valid force-
free configuration, so this procedure simply finds a “close
enough” solution in both regions. The two solutions are
then compared across the inner light surface and the mag-
nitude of any kink is measured in terms of ∆Aφ. This
measurement is then used to modify the toroidal field in
a method similar to that developed by Contopoulos et al.
[22] for light cylinders in pulsar magnetospheres:
d
dAφ
(√−gF θr)2
New
=
d
dAφ
(√−gF θr)2∣∣∣∣
Aφ−
− γ∆Aφ.
(29)
Here γ is an empirical constant, usually much less than
one, and Aφ− denotes the value of Aφ just inside the
inner light surface. After the above equation has been
used to make a small correction to the toroidal field, the
magnetofrictional method is again applied to the regions
on either side of the inner light surface for a fixed number
of time steps, and then (if the set “zero level” in the
plasma coordinate velocity is still achieved) the kink is
re-evaluated and toroidal field re-adjusted. The cycle
repeats until matching solutions are found.
Finding the correct “zero level”, value for γ, and num-
ber of time steps to apply the magnetofrictional method
between modifications of the toroidal field is akin to criti-
cally damping a simple harmonic oscillator. Poor choices
can lead to either an underdamped, wildly oscillating
kink or an overdamped kink that requires an excessive
amount of computational time to diminish. We have
found that a “zero level” of 10−4, a factor of γ = 0.0005,
and 3000 time steps between toroidal field changes is typ-
ically a safe starting point, but optimal values can vary
significantly depending upon everything from grid reso-
lution to the current magnitude and nature of the kink
and how good the initial guess for the toroidal field is.
C. Measuring Force-Freeness
In principle the magnetofrictional method could be ap-
plied to the limits of numerical precision. However even if
this were practical the approximations and assumptions
we have made do not justify that level of precision. In-
stead we evolve the fields until a “good enough” level is
reached, which we now describe.
A force-free solution is a solution with a vanishing
Lorentz force, FαβJ
β = 0. Therefore it is reasonable
to take a ratio of the Lorentz force to the magnitude
of electric current and field strength tensor in order to
measure how force-free a solution is, an approach taken
in McKinney and Gammie [6]:
ξ =
∣∣∣∣FµνJνFµkJkJµJµFκλFκλ
∣∣∣∣ . (30)
If ξ  1 the configuration can be thought of as being
force-free. Unfortunately such a technique is of limited
utility in our case; many of our magnetospheres contain
regions of vanishing or very small current JαJ
α  1,
leading to divergences in ξ.
In force-free magnetospheres with regions of vanishing
current, one alternative to ξ is to measure the ratio of
the Lorentz force to the forces of magnetic pressure and
tension, as in Malanushenko et al. [23]:
ζ =
|FL|
|Fmp|+ |Fmt| . (31)
As with ξ, if ζ  1 then the configuration may be taken
to be force free. Unfortunately some of our magneto-
spheres contain very strong monopolar components for
which the forces of magnetic pressure and tension vanish
8separately, again leading to divergences. We have there-
fore developed a more mathematical and less physically
motivated measure of force-freeness. We begin by noting
that the transfield equation may be broken up into seven
terms:
TA
β
;β = −FAβJβ = Aφ,A
7∑
i=1
Di. (32)
The separation of the transfield equation into Di compo-
nents is done somewhat arbitrarily by grouping factors
of Aφ, field line angular velocity, and the toroidal field;
D1 ∼ √−gF θr, D3 ∼ Aφ,rr, etc. The exact separations
we use are expanded in Appendix C. Mathematically the
above puts us in the position of having an expression of
the form
∑
Di = δ and requiring that δ be “small”. As a
measure of force-freeness, we therefore take the absolute
maximum of the seven Di terms and require that δ be a
factor of  smaller than it:
|δ| <  ·Max (|Di|) . (33)
While such a method is disadvantaged by not having an
obvious physical interpretation, it does not diverge when
applied to magnetospheres with regions of vanishing cur-
rent or with magnetic fields containing strong monopolar
components. For this work we have selected  = 1% as a
level of sufficient force-freeness. In practice our numeri-
cal techniques result in only a few segments of the inner
light surface approaching  = 1%; over the rest of the
domain  is significantly smaller.
D. Analytic Comparisons
In Section II D we discussed some analytic solutions
to the force-free transfield equation. Here we select four
specific solutions that are useful for making comparisons
with our numerical solutions; in Section IV D we compare
them to a numerical solution with ΩF = 0.5ωH and a =
0.3m in order to examine the consequences of the  = 1%
error level discussed in the previous section.
The first analytic solution that provides a useful com-
parison is the exact Schwarzschild monopole described
by Equation 17. The field line angular velocity Ω0 of this
solution may be set to correspond to the field line angu-
lar velocity of a given numerical solution. The monopole
weight B0 is set to B0 = 1 in order to match the nu-
merical solution’s change in Aφ between the axis and the
equator (discussed in the next section). This solution
provides a comparison with all field line angular veloci-
ties but is most useful for very small spins.
The second useful solution is the first order perturbed
monopole solution (Equation 18 without the terms in
curly brackets). This solution is very similar to the
Schwarzschild monopole with Ω0 = 0.5ωH, but differs
slightly due to the fact that its field line angular velocity
is only equivalent to 0.5ωH to first order in spin param-
eter a. As with the Schwarzschild monopole solution we
set B0 = 1. The field line angular velocity of this solution
is fixed, so it is most useful for comparison with numeri-
cal solutions that have ΩF = 0.5ωH and small black hole
spins.
The third solution is the third order perturbed
monopole solution described by Equation 18. As with
the first order solution we set B0 = 1. This solution is
most useful for comparison with numerical solutions of
ΩF = 0.5ωH for slightly higher spins than the first order
solutions, and for determining how a higher order per-
turbation in spin translates to changes in our measure of
error . It should be noted that the field line angular ve-
locity of this solution is not uniform, as in the first order
solution, but is a function of both r and θ.
The fourth solution is a fully exact solution, described
by Equation 15, with h = sin3 θ and B0 = 1. There are
infinitely many possible choices for h. Our selection is
motivated by a desire for physical plausibility, which is
most clearly seen by taking the Newtonian limit of the
fields described. In that limit, our choice of h corresponds
to magnetic and electric fields given by:
B = −3B0
r2
sin θ cos θrˆ − 3B0
ar
cos θφˆ,
E =
3B0
ar
cos θθˆ. (34)
Here the vector components correspond to a standard
orthonormal spherical basis. We emphasize that the fac-
tor of a above is from the definition of the fields; if the
a → 0 limit appropriate to a Newtonian transition were
also taken in the electromagnetic fields they would di-
verge. In the above form it is clear that our choice of
h = sin3 θ was made to correspond to physically plau-
sible fields, in the limited sense that they don’t diverge
anywhere in our domain; less careful choices generally di-
verge on the azimuthal axis. This solution is most useful
for estimating the potential precision of a given numeri-
cal grid for arbitrary black hole spin; we will refer to it as
the HS3 solution when we compare it to our numerical
results.
E. Computational Specifics
In this section we detail the computational specifics
of our numerical methods, covering the grid resolutions
used, domain boundaries and boundary conditions, ini-
tial conditions, and performance.
The poloidal plane is divided into an (r, θ) grid for
the vector potential Aφ. In the radial direction the grid
extends from just inside the horizon to a radius rmax out-
side the ergosphere. The value of rmax is dependent upon
the location of the outer light surface, which is in turn
dependent upon the choice of field line angular velocity
ΩF and black hole spin. For small values of ΩF (near 0)
or black hole spin the outer light surface can be a very
large distance from the black hole, so we artificially place
a cap of 20m on the maximum radius. For large values of
9ΩF (near ωH) and black hole spin the outer light surface
approaches the ergosphere and rmax ≈ 2m is used.
It is critical to resolve the inner light surface, so for
large values of ΩF where the inner light surface ap-
proaches the horizon we use very small grid spacings in
the radial direction near the horizon, then gradually re-
lax that spacing as r increases. For small values of ΩF
the horizon and inner light surface are well separated and
we use larger radial grid spacings near the horizon, then
increase that spacing as r extends past the ergosphere to
relatively larger rmax values. In general around 400 grid
squares of varied spacing in the radial direction are used
to resolve the inner light surface and ergoregion and an
additional 450 of varied spacing are used to extend to
a given rmax. This yields a rough average of 850 grid
squares in r per full magnetosphere; exactly how many
are used varies from magnetosphere to magnetosphere.
In order to treat the value of Aφ on the horizon as
an evolving entity, we extend three grid squares past the
horizon towards the black hole. We cannot extend any
further as our implementation becomes anti-diffusive in-
side the horizon and more grid squares allow numerical
instabilites to develop. We are using Boyer-Lindquist co-
ordinates, which are singular on the horizon. This is not
a difficulty, as we scale the magnetofrictional coefficient
ν in Equation 23 by the magnitude of the poloidal mag-
netic field (see Appendix B). The coordinate singularity
in that scaling cancels with the coordinate singularity in
the transfield equation such that the horizon is well be-
haved. As a solution is found the horizon naturally settles
into a configuration consistent with the Znajek horizon
condition (the force-free limit of the fast magnetosonic
regularity condition, Equation 12), justifying the usage
of Boyer-Lindquist coordinates.
In the θ direction we extend from θ = 0 on the az-
imuthal axis to θ = pi/2 on the equatorial plane using
200 linearly spaced grid squares. The equations in use do
diverge on the azimuthal axis, a consequence of axisym-
metry requiring that the magnetic field be purely radial
there. By using the azimuthal axis as a fixed boundary
condition we enforce axisymmetry and avoid that diver-
gence, and find that double precision arithmetic is suf-
ficient for the grid squares immediately adjacent to the
axis. The other fixed boundary condition that we use is
the equatorial plane, in keeping with the assumption of
perturbing around a monopolar geometry (Section II E).
On the azimuthal axis we fix Aφ = 4 and on the equa-
torial plane we fix Aφ = 3, for a ∆Aφ between them
consistent with a monopole of unit weight (Aφ = cos θ in
Equation 17). In principle any arbitrary range between
the axis and equatorial plane could be used; we made our
selection for convenience.
We do not use fixed boundary conditions for the vector
potential Aφ at either rmin or rmax. Instead, after every
time step we shoot outwards to find a boundary that
keeps Aφ smooth and use that boundary for the next it-
eration. The reason for this is practical; although the axis
and equatorial plane are fixed by symmetry, there is no
restriction on Aφ for a given rmax. The inner boundary
could be fixed by applying the horizon regularity condi-
tion, but we chose to have the horizon evolve as a simple
check that the numerical algorithm is converging prop-
erly.
In order to calculate the derivatives in Aφ required
to calculate the coordinate velocity vA of the fictitious
plasma (Equations B4 and B5) we use centered finite
difference approximations appropriate to the local grid
spacing. One-sided finite difference derivatives in Aφ ap-
propriate to an upwind differencing algorithm are then
used to evolve the magnetofrictional advection equation
(Equation 27).
Our initial conditions for each run were fairly simple.
Any smooth Aφ that decreased monotonically from the
azimuthal axis to the equatorial plane could be used; we
found no dependence upon initial conditions. Lack of
monotonicity caused “spikes” to develop in Aφ that re-
quired magnetic reconnection via numerical diffusion to
dissipate, greatly extending computation time when the
code remained stable. To speed convergence we found it
desirable to begin with the vector potential of the closest
already calculated magnetosphere, “close” being defined
by either slightly different black hole spin or field line
angular velocity. We do not directly use the toroidal
field
√−gF θr, instead we propose a function of Aφ cor-
responding to the derivative with respect to Aφ of the
square of the toroidal field (the left hand side of Equa-
tion 29). From the transfield equation it can be shown
that this function must vanish on the axis and equatorial
plane (at Aφ = 4 or Aφ = 3 using the boundary con-
ditions described above) but is otherwise largely unre-
stricted. Beyond increasing computation time we found
no dependence upon initial choice of this function. In
order to decrease computation time we often found it
desirable to use three neighboring magnetospheres with
the same spin but different field line angular velocities to
“shoot” an initial guess for this function for a given value
of Aφ.
The overall number of time steps required to find a
solution is sensitive to the accuracy of the initial guesses
for both the vector potential and toroidal field, with the
majority of computation time typically being spent re-
ducing the kink at the inner light surface by finding a
compatible toroidal field. In general with good initial
guesses for the fields and well-tuned parameters a desk-
top computer can find a magnetosphere at the  = 1%
level (Section III C) in a matter of hours; a  ∼ 10% level
can often be achieved in less than an hour. We have
found that it is possible to significantly reduce computa-
tion time by bracketing the functional form of the deriva-
tive of the toroidal field using a kind of two dimensional
root-finding algorithm with initial guesses taken from ad-
jacent magnetospheres, but that technique requires care-
ful setup and tuning to avoid instabilities. The na¨ıve
method of kink reduction described in Section III B is
more robust, easier to implement, and while significantly
slower is not prohibitively so for most purposes.
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IV. RESULTS
We divide our results into four sections. First we ex-
plore the general structure of the magnetospheres as a
function of black hole spin parameter and field line an-
gular velocity. We then examine the rates of energy and
angular momentum extraction. Lastly we explore the
numerical error of our solutions.
A. Field Line Structure
In this section we explore the behavior of poloidal mag-
netic field lines. We are limited to regions near to the
black hole by our model assumptions and numerical tech-
niques (Sections II E and III B). However even over that
limited domain interesting behaviors emerged, as shown
in Figures 1 and 2.
Figure 1 plots poloidal magnetic field lines using spac-
ing on the horizon corresponding to the strength of the
radial magnetic field there (using |Br| ∼ csc θAφ,θ ap-
propriate to ingoing coordinates); denser field lines im-
ply greater magnetic field strength. The first and last
field line do not lie on the axis or equatorial plane, as
those are fixed, but instead lie one grid square inwards
on the horizon. The shading measures conserved momen-
tum flux per unit field line (L in Equation 10), which is
equivalent to the toroidal field
√−gF θr multiplied by 4pi.
Figure 2 plots poloidal magnetic field lines using linear
spacing in θ on the horizon. The first and last field line
again lie one grid square inwards on the horizon. The
shading measures conserved energy flux per unit field line
(E in Equation 10).
The first thing to note is that as expected for very small
black hole spin (a ≈ 0.1m) all values of field line angular
velocity yield magnetospheres that are almost indistin-
guishable from a Schwarzschild monopole (Equation 17,
noting that “monopole” refers only to the poloidal plane).
For slightly larger values of spin (a ≈ 0.3m), however,
noticeable deviations from a monopolar structure rapidly
emerge for both low and high field line angular velocities.
As spin increases beyond a ≈ 0.3m, only the ΩF ≈ 0.5ωH
solutions remain roughly monopolar.
Low field line angular velocity solutions bend towards
the azimuthal axis, with the strength of that bending
increasing as black hole spin increases. For large spin
(a ≈ 0.9m) this bending can be severe, with the ma-
jority of poloidal magnetic field lines becoming nearly
parallel to the azimuthal axis at a distance r = 20m.
The source of this bending is most easily seen in Figure
1; on the horizon the radial magnetic field is strong on
the azimuthal axis and weak near the equatorial plane,
while the toroidal magnetic field is strong on the equato-
rial plane and weak on the azimuthal axis. This discrep-
ancy acts to naturally wind up the magnetic field and
the magnetosphere self-collimates into a jet-like struc-
ture. The discrepancy becomes very large at high spin;
for a = m (not shown) the horizon radial magnetic field
strength on the axis can be ∼ 10 times that on the equa-
tor. For larger values of ΩF (implying larger electric fields
as viewed by distant observers, but not necessarily others
such as ZAMOs) the toroidal field becomes much smaller,
radial magnetic field strength becomes almost uniform on
the horizon, and the field lines begin to bend toward the
equatorial plane.
There are two separation surfaces shown in the fig-
ures (the separation surface may be defined as the point
where α′ = 0, with the prime denoting differentiation
along magnetic field lines); one for a monopolar geometry
where Aφ is purely a function of θ and one correspond-
ing to the numerically calculated Aφ. For low field line
angular velocities and high spins the separation surface
moves away from the horizon at higher latitudes, while
for high field line angular velocities it moves towards the
horizon.
Figure 2 makes it clear that significantly more energy is
extracted along field lines near the equator for all values
of field line angular velocity, but low ΩF and high spin
magnetospheres redirect most of that extracted energy
towards the azimuthal axis. We measure this behavior in
the next section.
B. Energy Extraction
In this section we explore the rate of black hole energy
extraction. Energy flux is conserved along magnetic field
lines, so the rate of black hole energy extraction is most
easily calculated on the horizon. If we define P as the
power (energy per unit time as measured by a distant
observer) leaving the horizon, we find (cf. Lasota et al.
[2]):
P =
∫
r+
T rt
√−gdθdφ
=
1
2
∫
r+
ΩFAφ,θ
√−gF θrdθ. (35)
As this is evaluated on the horizon, we may use the Zna-
jek horizon condition (Equation 12) to find:
P =
1
2
Q (1−Q) a
2
r2+ + a
2
∫ pi
0
1
Σ
A2φ,θ sin θdθ. (36)
Here Q is a unitless scaling of the field line angular ve-
locity to the horizon’s angular velocity; ΩF = QωH (for
energy extraction to take place we must have 0 < Q < 1).
In CGS units, the power P becomes:
P = 5.2× 1019 · χ · r4x∗
B2x
G2
m2
M2
erg
s
, (37)
where
χ =
1
2
Q (1−Q) a
2
∗(
r2+∗ + a2∗
) ∫ pi
0
A2φ,θ sin θ
r2+∗ + a2∗ cos2 θ
dθ. (38)
11
FIG. 1. The structure of poloidal magnetic field lines for various values of black hole spin and field line angular velocity.
The magnitude of the outward conserved angular momentum flux per unit field line (L in Equation 10) is colored, scaled to
∆Aφ = 1 between the axis and the equatorial plane (B0 = 1 in Equation 17). The inner light surface (green), ergosphere (red),
horizon (black), monopole separation surface (cyan), and calculated separation surface (dotted red) are overplotted. 80% of
the total extracted energy flows outward between the azimuthal axis and the magnetic field line drawn in solid magenta; 95%
flows between the dotted magenta field line and the axis. The eight black field lines are spaced according to the magnitude of
the radial magnetic field on the horizon; if they fall outside the 80% line they are dotted.
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FIG. 2. The same structure of poloidal magnetic field lines as in Figure 1, but with the magnitude of the outward conserved
energy flux per unit field line (E in Equation 10) colored. The inner light surface (green), ergosphere (red), horizon (black),
monopole separation surface (cyan), and calculated separation surface (dotted red) are overplotted. 80% of the total extracted
energy flows outward between the azimuthal axis and the magnetic field line drawn in solid magenta; 95% flows between the
dotted magenta field line and the axis. The eight black field lines are spaced evenly on the horizon; if they fall outside the 80%
line they are dotted.
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Here a∗ and r+∗ are dimensionless measures of black hole
spin and horizon radius; a = a∗m and r+ = r+∗m. The
quantity χ is a dimensionless measure of the rate of black
hole energy extraction that varies from magnetosphere to
magnetosphere. The quantities Bx and rx∗ are measures
of monopolar magnetic field strength, in a sense that we
now explore by considering the Newtonian limit.
In the Newtonian limit, a vector potential Aφ =
B0 cos θ corresponds to a monopolar magnetic field that
is given by:
B =
B0
r2
rˆ. (39)
Here the vectors correspond to a standard orthonormal
spherical basis. The weighting of B0 on Aφ may therefore
be interpreted as a measure of the monopolar magnetic
field strength at a specified radius. For convenience our
numerical solutions for Aφ assume unit spacing between
the azimuthal axis and the plane (B0 = 1), but any
arbitrary weighting would yield identical results. The
quantities Bx and rx∗ are measures of that arbitrary
weighting; Bx is the field strength in Gauss of a New-
tonian monopole at dimensionless radius rx∗. For ex-
ample, Bx = 100G and rx∗ = 20 would correspond to
a monopolar magnetic field strength of 100 Gauss at a
distance r = 20m from a black hole of mass m. Some
caution should be taken in applying this interpretation,
however. None of our numerical solutions are exactly
monopolar, and the strength of the magnetic field is an
observer dependent quantity that does not have a simple
translation from a flat space value to the spacetime of a
rotating black hole. The above interpretation of Bx and
rx∗ is made purely for simplicity and convenience, and in
general should be taken to be nothing more than a rough
estimate.
In Figure 3 we plot the value of χ as a measure of
the rate of black hole energy extraction for select values
of black hole spin and field line angular velocity. We
suppress spins greater than a = 0.99m as showing them
would compress the curves of smaller spin that are of
greater interest.
For a given value of ΩF, we note that increasing black
hole spin always increases the rate of energy extraction
but that changes in field line angular velocity can have a
much larger effect than changing spin. The peak energy
extracted for a given spin occurs at ΩF ≈ 0.5ωH for low
spin and approaches 0.6ωH at high spin. The maximum
energy extracted spans two orders of magnitude; χMax =
0.03 for a ≈ 0.99m, χMax = 0.003 for a ≈ 0.5m, and
χMax = 0.0003 for a ≈ 0.2m.
To a very good approximation, the functional form of
χ(a) for fixed field line angular velocities ΩF = 0.1ωH,
ΩF = 0.95ωH, and value for maximum energy extraction
ΩF Max are given by:
χ0.1ωH ≈ 3.3× 10−3
(
1.8a2.5∗ + 1.1a
17
∗
)
,
χ0.95ωH ≈ 3.3× 10−3
(
1.5a3.1∗ + 1.8a
17
∗
)
,
χMax ≈ 1.0× 10−2
(
1.9a2.6∗ + 1.3a
14
∗
)
. (40)
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FIG. 3. The rate of black hole energy extraction for select
magnetospheres; χ is defined in Equation 38. For each value of
black hole spin 20 magnetospheres were calculated, indicated
for a∗ = 0.875 with blue dots. The approximate maximum
values of χ for various spin values are indicated with red stars;
they corresponding to the 23 spin parameters a∗ 0.1, 0.2, 0.3,
0.4, 0.5, 0.55, 0.6, 0.65, 0.7, 0.725, 0.75, 0.775, 0.8, 0.825,
0.875, 0.9, 0.925, 0.95, 0.965, 0.975, 0.985, and 0.99. For
small spin the maximum value of χ occurs near ΩF = 0.5ωH;
for a∗ = 0.99 the maximum occurs near ΩF = 0.58ωH. For ex-
tremal spin (a∗ = 1, not shown) the rate of energy extraction
peaks slightly above χ = 0.033.
In this form it is clear that for a given spin the maxi-
mum rate of energy extraction corresponding to ΩF Max is
roughly three times that of the lower values ΩF ≈ 0.1ωH
or ΩF ≈ 0.95ωH, an effect that can be much larger than
changes in spin.
For low field line angular velocities the magnetic field
bends towards the azimuthal axis, as shown in Figures 1
and 2. So while most energy is extracted on the horizon
near the equatorial plane, a short distance from the hori-
zon a large fraction of it ends up flowing outward along
the azimuthal axis. In order to explore this behavior, we
calculated the energy escaping through a spherical cone
(both upper and lower hemispheres) at a radius r = 20m
for ΩF = 0.1ωH. The results are plotted in Figure 4.
For high spins (a∗ ≈ 0.85 and greater), over 95% of the
extracted energy escapes through a 45◦ cone, and 80%
escapes through a cone of less than 30◦. This indicates
that for high spin and low field line angular velocities a
black hole magnetosphere is naturally inclined to extract
energy via jet-like structures aligned with the rotational
axis of the black hole.
C. Angular Momentum Extraction
In this section we explore the rate of black hole angu-
lar momentum extraction. As with energy flux, angular
momentum flux is conserved along magnetic field lines,
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FIG. 4. The rate of black hole energy extracted as a function
of the angle of a spherical cone at a radius of 20m (in both
upper and lower hemispheres) for a field line angular velocity
ΩF = 0.1ωH. The angles through which 50%, 80%, 90%, and
95% of the total extracted energy escapes are overplotted.
and is most easily calculated on the horizon by exploiting
the Znajek horizon condition. If we define K as the rate
of angular momentum extraction, we find:
K = −
∫
r+
T rφ
√−gdθdφ
=
1
2
∫
r+
Aφ,θ
√−gF θrdθ. (41)
Note that this only differs from the rate of energy ex-
traction (Equation 35) by a factor of field line angular
velocity ΩF, consistent with the conserved energy E and
angular momentum L per unit flux tube differing by the
same factor (Equation 10). In CGS units K reduces to:
K = 2.6× 1014 · ϕ · r4x∗
B2x
G2
m3
M3
erg, (42)
where
ϕ =
1
2
(1−Q) a∗
∫ pi
0
A2φ,θ sin θ
r2+∗ + a2∗ cos2 θ
dθ. (43)
The primary structural difference between these expres-
sions and those for the rate of energy extraction (Equa-
tions 37 and 38) is the fact that ϕ does not vanish for
Q = 0. This is a statement that it is possible to spin
down a black hole without extracting energy. In Figure
5 we plot the value of ϕ as a measure of the rate of black
hole angular momentum extraction for the same values of
black hole spin and field line angular velocity that were
used to plot the rate of energy extraction.
To a very good approximation, the functional form of
ϕ(a) for fixed field line angular velocities ΩF = 0.1ωH,
ΩF = 0.95ωH, and value for maximum energy extraction
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FIG. 5. The rate of black hole angular momentum extrac-
tion for the selection of magnetospheres used in Figure 3; ϕ
is defined in Equation 43. For each spin the angular momen-
tum extracted at the maximum rate of energy extraction is
indicated by red stars. The blue dots indicate the 20 values
of field line angular velocity used for the a∗ = 0.875 case.
The red stars indicate the 23 different values of spin listed in
Figure 3.
ΩF Max are given by:
ϕ0.1ωH ≈ 1.7× 10−2
(
9.7a1.1∗ + 2.8a
8.0
∗
)
,
ϕ0.95ωH ≈ 1.3× 10−3
(
9.4a1.3∗ + 9.7a
9.3
∗
)
,
ϕMax ≈ 1.0× 10−2
(
9.3a1.1∗ + 2.8a
6.6
∗
)
. (44)
In this form it is clear that the ΩF = 0.1ωH solutions
extract nearly twice as much angular momentum as the
solutions that maximize the rate of energy extraction.
It is also clear that the ΩF = 0.95ωH solutions extract
around 10% of the angular momentum of the ΩF = 0.1ωH
solutions, while from Equation 40 we note that these so-
lutions extract roughly the same amount of energy. This
indicates that high ΩF solutions can extract energy from
a black hole for a much longer period of time than lower
ΩF solutions can, as it will take longer for high ΩF mag-
netospheres to spin down the black hole.
D. Numerical Error Estimation
In this section we explore the numerical error of our
solutions. In Section III D we discussed four analytic
solutions that can provide useful comparisons with our
numerical results, most especially in determining the re-
liability of the  = 1% error level we have set (discussed
in Section III C and Appendix C).
The three perturbed monopole and exact HS3 solu-
tions have varying regions of applicability. We examine
the numerical solution for a = 0.3m and ΩF = 0.5ωH
so that we can reasonably compare all four solutions si-
multaneously. For convenience we begin by comparing
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them along a slice of constant θ = 45◦ from just inside
the horizon to rmax = 20m (Figure 6). Along that slice
it is apparent that the Schwarzschild monopole and first
order perturbed monopole are very similar, with both
typically having errors of less than 5%. The third order
perturbed solution does better in general, with an error
of around 1% near the inner light surface and inside the
ergosphere. Aside from the two grid squares immediately
adjacent to the inner light surface the numerical solution
has an error of less than 0.05% across the entire slice,
and is sometimes “better” than the HS3 solution’s error
of around 0.0005%. We place quotes around “better” be-
cause the error of the HS3 solution is a rough measure of
the precision of our numerical grid and derivatives; sig-
nificantly exceeding ∼ 0.0005% likely involves unjustified
precision. Slices along different θ values as well as differ-
ent spin parameters and field line angular velocities yield
qualitatively similar results.
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Numerical
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3rd Order Monopole
FIG. 6. The percent error along a θ = 45◦ slice for a = 0.3m
and ΩF = 0.5ωH; the radial spacing corresponds to uniform
spacing in the numerical grid. The horizon (H), inner light
surface (ILS), ergosphere (E), and separation point (SP) are
indicated by vertical lines. With the exception of the two grid
squares immediately adjacent to the inner light surface the
numerical solution is significantly better than the perturbed
solutions. The various solutions used are listed in Section
III D
In order to examine the increase in error along the in-
ner light surface we plot the percent error of the numeri-
cal solution in the two grid squares immediately adjacent
to the inner light surface in Figure 7. This is done for all
values of θ, again for a = 0.3m and ΩF = 0.5ωH. Even
though substantial portions of the inner light surface are
well below the 1% level, there are spikes up to 1%. Re-
ducing those spikes is what takes the largest amount of
computational time. The perturbed solutions are either
comparable to or greatly exceed the error in the numeri-
cal solutions along the entirety of the inner light surface.
The HS3 solution is typically 10-100 times better than
any other solution. The exception is near the azimuthal
axis where the HS3 solution’s field line angular velocity
diverges. Note that the error of the HS3 solution does
not also diverge, as the combined equations are well be-
haved there; the error increase comes from amplification
of the error in taking numerical derivatives. The impli-
cations of the varying error levels are discussed in more
depth in Section V C.
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FIG. 7. The percent error along the inner light surface for
a = 0.3m and ΩF = 0.5ωH. The grid squares on either side of
the inner light surface (red and black) have almost identical
error; reducing the spikes in that error to the 1% threshold we
have set is what takes the most computational time. Despite
those spikes the numerical solution still generally does as good
or better than the perturbed solutions. The upticks in the
third order monopole and exact HS3 solutions near θ = 0 are
from the conversion of the toroidal field to a differentiated
function of Aφ. Most of the terms in the transfield equation
are very small there, so numerical errors in that conversion
are amplified.
In order to reduce computation time we make a guess
as to the ultimate structure of the fields to use as an
initial condition. It is therefore reasonable to ask if
our guesses bias our results towards solutions that are
close to that initial guess and ignore other potentially
valid magnetospheres. There are two unknown quanti-
ties that we make guesses for; the toroidal component of
the vector potential, Aφ(r, θ), and the derivative of the
square of the toroidal field with respect to the vector po-
tential as an unknown function of the vector potential,
d/dAφ(
√−gF θr)2 = F (Aφ). In order to examine how
sensitive our solutions might be to changes in the initial
form of these functions, we examine the magnetospheres
obtained for black hole spin parameter a = 0.8m; the
numerically obtained functions of the derivative of the
toroidal field for those magnetospheres are shown in Fig-
ure 8.
To asses how initial conditions might modify our re-
sults, we first coupled the numerical solution for the
derivative of the toroidal field for the ΩF = 0.05ωH mag-
netosphere with the vector potential Aφ obtained for ev-
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FIG. 8. The derivatives of the toroidal field d/dAφ(
√−gF θr)2
obtained numerically for black hole spin parameter a = 0.8m
and various values of field line angular velocity ΩF (in incre-
ments of 0.05ωH). The blue and red dashed lines indicate two
different initial guesses for the derivative of the toroidal field
in the ΩF = 0.05ωH case. The blue and red dotted line is the
final result in both cases; they completely overlap and obscure
the original result obtained using a much better initial guess.
The relative difference between the results obtained using the
A and B initial conditions and the original result are shown
in the bottom panel.
ery other value of field line angular velocity (extrapolat-
ing outward to r = 20m for the higher field line angular
velocity solutions). In every case we found that the nu-
merical code rapidly converged to a solution essentially
indistinguishable from the original ΩF = 0.05ωH solu-
tion. There were some minor deviations at large radii, as
the 1% error level was achieved there last (in the original
solution it was achieved last on the inner light surface),
but significantly less than the deviation between adjacent
ΩF = 0.1ωH and ΩF = 0.0ωH magnetospheres.
As modifying the initial vector potential seemed to
have no effect, we next examined modifying our initial
guess for the derivative of the toroidal field. Poor guesses
for this function can result in differences (“kinks”) in
Aφ across the inner light surface that can easily exceed
the difference in Aφ between the azimuthal axis and the
equatorial plane. Diminishing inner light surface kinks
takes the most computation time, so good guesses for
the derivative of the toroidal field are the most critical
initial condition and most likely source of any sensitivity
our numerical solutions might have to initial conditions.
For clarity we focus on two alternative initial guesses
for the functional form of the derivative of the toroidal
field, shown in Figure 8 as initial conditions A and B.
They are symmetric quadratics in Aφ that straddle the
numerically obtained function, with the addition of peri-
odic oscillations in Case A in an attempt to make a very
poor initial guess without being overly ridiculous. Both
cases led to very large initial kinks across the inner light
surface and significantly increased the computation time
required to find a solution. However the solutions ob-
tained in both cases were again essentially indistinguish-
able from the original ΩF = 0.05ωH solution; the minor
deviations in the derivative of the toroidal field (shown
in in the bottom panel of Figure 8) are dwarfed by the
deviation between adjacent ΩF = 0.1ωH and ΩF = 0.0ωH
magnetospheres.
V. DISCUSSION
The most limiting assumption underlying our solutions
is that of uniform field line angular velocity. In this sec-
tion we discuss that assumption in more detail, consider
two extremes of the magnetospheres that we found, and
briefly explore the numerical error of our solutions.
A. Assumption of Uniform ΩF
As stated in Section II E, we have assumed uniform
field line angular velocities ΩF in order to simplify the
task of studying how the location of the inner Alfve´n
surface might correspond to changes in the structure of
energy extracting black hole magnetospheres. This re-
stricted us to solving for the structure of magnetospheres
inside the outer light surface. With solutions in hand
we return and examine that restriction in more detail.
We begin by examining how limiting the assumption of
uniform ΩF might be in the two extreme classes of mag-
netospheres (ΩF/ωH ≈ 0 and ΩF ≈ ωH) that we found.
We then discuss the existence and uniqueness of solutions
that pass smoothly through both light surfaces. We close
with a discussion of how limiting uniform ΩF might be
in interpreting our results.
For low field line angular velocities (ΩF/ωH ≈ 0) where
the magnetic field lines bend towards the azimuthal axis
the limitations imposed by solutions restricted to the in-
terior of the outer light surface should not be a signif-
icant concern. In that case the outer light surface can
be many thousands of gravitational radii away from the
horizon near the azimuthal axis and formally infinitely
far away exactly on the axis. Diminishing the kink on
such a distant surface could slightly modify the struc-
ture of the magnetosphere near the horizon, but in rea-
sonable application we would generally expect deviations
from our core assumptions of stationarity, axisymmetry,
a perfectly conducting force-free plasma over such an ex-
tended region to be far more significant. Should that not
be the case, we also see a smooth transition from our
ΩF = 0.05ωH solutions to our ΩF = 0 solutions for which
an outer light surface does not exist (formally located in-
finitely far away from the black hole). We see no reason
to expect pathologies in the limit ΩF → 0, implying that
our low ΩF solutions are close to ones those that pass
smoothly through both light surfaces.
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For high field line angular velocities (ΩF ≈ ωH) where
the magnetic field lines bend towards the equatorial plane
we would expect to find a connection to nearby accret-
ing matter (not necessarily a thin disk limited to the
equatorial plane). Our boundary condition of a single
magnetic field line in the equatorial plane might be rea-
sonable close to the horizon, but moving away from the
horizon it would become increasingly likely to find sig-
nificant deviations depending upon the specific model of
nearby accreting matter that was chosen. Finding solu-
tions that passed smoothly through both light surfaces
would therefore be somewhat ill-advised, as it would in-
volve modifying the near horizon magnetosphere using
restrictions found in unreasonably distant regions. A
more realistic magnetosphere would include a descrip-
tion of nearby accreting matter that included a model
of plasma injection into an inflow interior to or near the
separation surface. Our solutions could be representative
of such inflows, especially a thick disk or torus near the
ergosphere. A solution that passed smoothly through an
outer light surface, on the other hand, would also need to
include some model of plasma injection into an outflow
consistent with the field line geometry obtained, which
might be difficult.
In arguing that it is possible to usefully interpret the
above limits on ΩF despite the limitations of our do-
main, we have ignored the question of whether or not
similar solutions that pass smoothly though both light
surfaces even exist. Using essentially identical bound-
ary conditions on the vector potential Aφ, Contopoulos
et al. [10] and Nathanail and Contopoulos [11] (hereafter
CKP13 and NC14) modified both the field line angu-
lar velocity and toroidal field to find solutions that pass
smoothly through both light surfaces. In doing so they
found a single nearly monopolar solution with varying
ΩF ≈ 0.5ωH that is very similar in structure to our uni-
form ΩF = 0.5ωH solutions. It is therefore natural to ask
if the solutions found by CKP13 and NC14 are unique.
The exact solutions of Equation 15, while non energy ex-
tracting and largely unphysical, indicate that they are
not; there are in fact infinitely many solutions fulfill-
ing our boundary conditions on Aφ that pass smoothly
through both an inner and outer light surface. The ques-
tion then becomes why we found the solutions that we
did regardless of initial conditions, and why CKP13 and
NC14 similarly found a single solution.
The answer to that question lies in our numerical tech-
niques. We show in Appendix A that the magnetofric-
tional method works by minimizing the energy in the
electromagnetic fields. In minimizing the kink across the
inner light surface we are finding matched minimum en-
ergy solutions. The apparent uniqueness of our results is
a suggestion of the uniqueness of a minimum energy solu-
tion, not the uniqueness of our solution in full generality.
The majority of numerical codes are common in the be-
havior of being dissipative and seeking minimum energy
states; any code that allows energy to be added at will
is likely to be numerically unstable. For example there
is a full range of valid rotating Schwarzschild monopole
solutions (Equation 17), but it would be a very unique
numerical code that would be capable of blindly finding
all of them. Most codes would always converge on the
minimum energy Ω0 = 0 solution.
For any value of black hole spin, the minimum energy
magnetosphere consistent with our boundary conditions
will be as close to monopolar as possible (ΩF ≈ 0.5ωH).
The bunching of magnetic field lines towards the axis or
equator seen in our low and high ΩF solutions requires
the addition of energy to spin the magnetosphere away
from that monopole. It is therefore not surprising that
CKP13 and NC14 found a single roughly monopolar so-
lution that passes smoothly through both inner and outer
light surfaces; without the explicit and very careful addi-
tion of energy to move to and maintain a rotating mag-
netosphere any stable code would likely converge on that
solution. Our utilization of uniform ΩF may be inter-
preted as a way of exploring the structure of arbitrar-
ily rotating magnetospheres using a dissipative numerical
code, and we believe that a large fraction of our solutions
could be taken to be good approximations of solutions
that pass smoothly through both light surfaces. In real-
istic application, however, they should largely be taken
to be representative of inflow solutions. Outflow solu-
tions would require the additional description of plasma
injection mechanisms, and even if our solutions passed
smoothly through an outer light surface there is no guar-
antee that plasma parameters would be either contin-
uous or conserved across an extended plasma injection
region (as implied by single solutions that pass smoothly
through both light surfaces).
We have argued that our limited domain might not pre-
vent useful interpretations and that our solutions might
approximate solutions that pass smoothly through both
light surfaces (even if such solutions might be of dubi-
ous value). It could still be asked how representative our
solutions might be of energy extracting black hole magne-
tospheres, as completely uniform ΩF magnetospheres are
unlikely to exist. We cannot fully answer that question,
but we emphasize that exploring uniform ΩF magneto-
spheres is not the goal of this work. The goal of this work
is to explore the effects of inner Alfve´n surface location.
Uniform ΩF in the force-free limit is merely a useful tool
to do so, both in its obvious simplicity as well as in allow-
ing us to know exactly where the inner light surface will
be prior to solving for the structure of the magnetosphere
that passes through it. Slightly deforming the location
of the Alfve´n surfaces used here will not have significant
effects, and in general we expect the Alfve´n surface to
be continuous, so the solutions obtained here could be
merged to explore more complex scenarios. For example,
if one desired an ingoing solution with a connection to
accreting matter near the equator and the launching of
a jet-like structure from the horizon along the rotational
axis, an appeal could be made to an Alfve´n surface that
lies closer to the boundary of the ergosphere at higher
latitudes and closer to the horizon near the equator. On
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the horizon this would correspond to lower ΩF for small
values of θ and higher ΩF for large values of θ, compat-
ible with the simulations conducted by McKinney and
Gammie [6].
B. Two Types of Magnetospheres
Our solutions indicate two extreme methods for black
hole energy to be extracted and transmitted to distant
observers. For low field line angular velocities (ΩF/ωH ≈
0) jet-like structures naturally form to transmit extracted
energy directly from the horizon to distant observers
along the azimuthal axis. For high field line angular ve-
locities (ΩF ≈ ωH) we find magnetospheres that are con-
sistent with the transmission of energy from the horizon
to nearby accreting matter, which in turn might transmit
the extracted energy to distant observers. In this section
we discuss potential consequences of those two types of
magnetospheres, noting at that outset that any poten-
tial distinction between the two in realistic astrophysical
scenarios is likely to be fuzzy.
If we examine the rate of energy and angular momen-
tum extraction through Equations 40 and 44, we see
that the two types might have significant time-dependent
distinctions due to their differing rates of angular mo-
mentum extraction and concurrent black hole spindown.
Therefore transient high energy phenomena powered by
black hole energy extraction might also have two distinct
signatures. For specificity, consider a gamma-ray burst
(GRB). Black hole energy extraction is a candidate for
the central engine of a GRB (e.g. Gehrels and Me´sza´ros
[24]), and the exponential decay associated with black
hole energy extraction might be compatible with some
GRB observations (e.g. Nathanail et al. [25]). We do not
demand a specific type or model of GRB, however. We
only require a transient high energy event that might be
powered by black hole energy extraction, and “GRB” is
a convenient specific stand-in for“transient high energy
event” even if our treatment is too crude to completely
describe or differentiate between realistic GRBs of any
specific type.
If we take Bx = 10
16G and rx = 3 as constants in
Equations 37 and 42 (i.e. a magnetic field strength of
roughly 1016G just outside the ergosphere), assume that
a = 0.95m and m = 4M at time t = 0, and for simplic-
ity insist upon a state of suspended accretion (such as a
magnetically arrested disk in a low accretion state), we
find the rates of black hole energy extraction plotted in
Figure 9.
We immediately note that all three cases exhibit
roughly exponential decay, but the ΩF = 0.95ωH case de-
cays relatively slowly. After roughly 20-30 seconds both
the ΩF = 0.1ωH and ΩF Max luminosities have decreased
by factors of ∼ 103 due to the black hole spin dropping
below a ≈ 0.05m. The rate of angular momentum ex-
traction for the 0.95ωH case is far lower, however, and
after 30 seconds its luminosity has not significantly de-
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FIG. 9. Rate of black hole energy extraction for constant
field line angular velocities ΩF = 0.1ωH, ΩF = 0.95ωH, and
the field line angular velocity corresponding to the maximum
rate of energy extraction for a black hole with initial spin
a = 0.95m. The curves for ΩF = 0.1ωH and ΩF = ΩF Max are
terminated when the black hole’s spin falls below a = 0.05m;
it takes around 520 seconds for the ΩF = 0.95ωH case to reach
that level.
creased. Note that in this model larger black hole masses
would take less time to spin down due to the increase in
magnetic field strength implied by rx corresponding to a
larger dimensional radius. For example, a black hole with
twice the mass but otherwise identical parameters would
be spun down in around half the time. Also note that
the scaling on the axes is somewhat irrelevant; they were
chosen for crude correspondence to a GRB, but a wide
range of systems with different parameters, luminosities,
and timescales exhibit qualitatively identical curves.
It takes over 350 seconds for the 0.95ωH luminosity to
drop to the same level that the 0.1ωH luminosity fell to
in around 20 seconds. We therefore expect that GRBs
with magnetic field lines that directly connect the horizon
to distant observers might be at least 10-20 times shorter
than GRBs with magnetic field lines connecting to a disk
or other matter before connecting to distant observers.
The addition of more realistic effects such as accretion
actively spinning up the black hole would obviously com-
plicate matters, and as noted at the outset the bound-
ary between both types of magnetospheres is unlikely to
be very distinct. However, if GRBs (again emphasizing
the limited sense in which we are using the term) are
powered by black hole energy extraction it would not be
unreasonable to expect two broad classes with differing
characteristic durations as well as different radiation sig-
natures; the longer lived 0.95ωH type might also exhibit
a greater degree of thermalization due to the deposition
of the extracted energy into inflowing matter before that
energy is transmitted to distant observers.
The analysis presented here is too crude to reason-
ably claim that distinctions between GRBs can arise due
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to differences in the location of their inner Alfve´n sur-
face, encapsulated here in differences in field line an-
gular velocity. A more reasonable model is beyond the
scope of our present work, but the possibility that such
a model could allow finer classification of some GRBs or
other transient high energy phenomena via correlation of
timescale and degree of thermalization is interesting.
C. Numerical Error Analysis
In this section we discuss how reliable the numerical
calculations underlying our solutions might be.
With the possible exception of the kink at the inner
light surface, we find that our numerical solutions are
consistent with the precision of their numerical grid. For
the case of a = 0.3m and ΩF = 0.5ωH, the error of our
solution is generally around 100 times smaller than the
error in any of the perturbed monopole solutions that
are considered to be good approximations at low spin.
While the numerical error involved in implementing the
exact HS3 solution (arising mostly from taking numerical
derivatives) can be another 100 times smaller still, there
are large regions in which the numerical solution is ac-
tually “better” than the HS3 solution and likely exceeds
the precision justified by our numerical grid.
Along the inner light surface the error in our numerical
solution is generally a few times smaller than the third-
order perturbed monopole solution, and exceeds the first-
order solution by a factor of 10-100. Again the HS3 solu-
tion generally exceeds the numerical solution by another
factor of 10-100. However significantly better solutions
would be difficult to obtain. At the 1% level the “kink”
(change in Aφ) in our solution across the inner light sur-
face in the radial direction is around 10−6, much smaller
than the required linear change in Aφ of 5× 10−3 in the
θ direction implied by our usage of 200 grid squares be-
tween the azimuthal axis (where Aφ = 4) and the equator
(where Aφ = 3). This means that it becomes very diffi-
cult to accurately quantify the kink, much less diminish
it further.
Some experimentation reveals that a much higher er-
ror level of around 10% would not have changed our
results in any significant way. This is consistent with
the error of the perturbed solutions, which should be
accurate enough for most purposes and have similarly
sized errors. Reducing the error of our solutions to the
1% level increased the required computation time signifi-
cantly, and achieves a precision that almost certainly far
exceeds what our assumptions allow for in any reason-
able application. However reducing the error to the 1%
level allows us to confidently state that any deficiencies
in our results rest within our assumptions and not in our
numerical calculations.
Due to the importance of selecting appropriate initial
conditions in diminishing computation time, it might be
asked if our initial guesses in any way affect or drive
our results. As shown in Figure 8, even with somewhat
ridiculous choices of initial condition we ultimately ar-
rive at effectively identical solutions that are appreciably
different from neighboring solutions. We cannot (and do
not) claim that this implies that our solutions are unique
in general; it is possible that there are many solutions
that satisfy our boundary conditions and assumptions.
The only potentially persuasive uniqueness in our solu-
tions lies in unique minimum energy solutions that are
matched across the inner light surface, as a consequence
of the magnetofrictional method being an energy mini-
mizing algorithm (shown in Appendix A). In developing
our numerical code we conducted many more trials and
experiments than are shown here, and we never observed
any indication that it might be possible to converge on
two different solutions. Therefore while we cannot prove
that our solutions are unique matched minimum energy
solutions consistent with our boundary conditions and
assumptions, we do believe that it is a reasonable as-
sumption to make.
VI. CONCLUSIONS
The defining feature of energy extracting black hole
magnetospheres is the location of their inner Alfve´n sur-
face, which coincides with the inner light surface in the
force-free limit. Despite its importance, no comprehen-
sive studies of the effects of modifying the location of the
inner Alfve´n surface have been accomplished. We have
begun addressing that deficiency by studying how simple
force-free magnetospheres can be modified as a function
of uniform field line angular velocity, which together with
black hole spin determines the location of the inner light
surface. In order to do so we extended the Newtonian
magnetofrictional method for computing force-free mag-
netospheres into the general relativistic regime, which
allowed us to efficiently calculate hundreds of energy ex-
tracting black hole magnetospheres as functions of inner
Alfve´n surface location. In so doing we found that inner
Alfve´n surfaces near the horizon cause extracted energy
to flow towards the equatorial plane, while inner Alfve´n
surfaces near the boundary of the ergosphere cause ex-
tracted energy to flow outwards via jet-like structures
aligned with the azimuthal axis. Applied to transient
high energy phenomena, those magnetospheres imply two
timescales that might differ by a factor of 20 or more.
This suggests that two classes of transient high energy
phenomena might exist; shorter ones that directly con-
nect the horizon to distant observers, and longer ones
that have a disk or other significant matter separating
the energy flow from the horizon to distant observers that
potentially thermalizes the extracted energy, creating a
different radiation signature.
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Appendix A: Proof of Convergence
In this section we show that the magnetofrictional
method inevitably drives a given vector potential Aφ to-
wards a force-free state. We do this in two steps; first,
we show that a force-free state is a minimum (extremum)
in the electromagnetic energy of a given volume. Sec-
ond, we show that the magnetofrictional method reduces
the electromagnetic energy contained in a given volume,
thereby inevitably driving that volume towards a mini-
mum energy and force-free state. For simplicity we as-
sume Boyer-Lindquist coordinates, that a force-free state
exists, and that no pathologies develop (e.g. magnetic
reconnection, if necessary, is assumed to occur via nu-
merical diffusion).
We define the energy W contained within the fields at
a given coordinate time to be:
W ≡
∫
Tt
t√γd3x. (A1)
Here
√
γd3x is the appropriate proper volume element
and Tαβ is the electromagnetic stress energy tensor. Dif-
ferentiating with respect to coordinate time, we find:
W,t =
∫
Tt
t
;t
√
γd3x
=
∫
(Tt
α
;α − Tta;a)√γd3x
= −
∫
FtβJ
β√γd3x−
∮
Tt
AdΣA. (A2)
Here dΣA is the appropriate directed surface element
bounding the region such that the second term is a mea-
sure of the net Poynting flux through the region’s bound-
ary. We have assumed no field pathologies, so any field
line entering the volume also exits the volume. Energy
flux per unit field line is conserved, so there can be no
net Poynting flux into the region along any magnetic field
lines and the second term necessarily vanishes. In a force-
free configuration FαβJ
β = 0 and the first term also van-
ishes; therefore a force-free configuration extremises the
field energy W in coordinate time.
The core conceit of the magnetofrictional method is
that the excess momentum flux of a non force-free con-
figuration may be converted into the coordinate velocity
of a fictitious plasma; mathematically, this may be stated
as:
− FaβJβ = 1
ν
va. (A3)
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Here the coordinate velocity va of the plasma is defined in
terms of its four velocity ua as va ≡ ua/ut. Both the field
line angular velocity ΩF and the toroidal field
√−gF θr
are assumed to be functions of Aφ (i.e. conserved along
magnetic field lines), so vφ = 0. We now make the sim-
plifying assumption that ΩF vanishes (i.e. Ftr = Ftθ = 0
and there is no electric field from the perspective of a
distant observer); we will address the ΩF 6= 0 case later.
We then add in a fictitious electric field that allows vA
to fulfill the condition of a perfectly conducting plasma,
Fαβu
β = 0:
Ftr = −Fθrvθ,
Ftθ = Fθrv
r,
Ftφ = −Frφvr − Fθφvθ. (A4)
This is analagous to defining E = −v×B. From
Maxwell’s equations we note that ∇×E = −∂tB, so
defining the electric field in this way should be inter-
preted as defining the time rate of change of the magnetic
field. Now that the condition of a perfectly conducting
plasma has been met, we simplify the first integrand for
the rate of change of the field energy W,t (Equation A2)
using Fαβu
β = 0 to find:
FtβJ
β = (Fbcv
c) Jb
= vc
(
FβcJ
β − FtcJ t
)
=
1
ν
vcvc. (A5)
Therefore the rate of change of the field energy for a
non force-free configuration under application of the mag-
netofrictional method is given by:
W,t = −
∫
1
ν
vAvA
√
γd3x. (A6)
For ν < 0 the right hand side is always negative (re-
call the signature of our metric) and using a fictitious
plasma and electric field to evolve Aφ via the condition
of a perfectly conducting plasma inevitably drives the
field energy towards an extremum and a force-free state.
We now address the case of ΩF 6= 0, where the electric
field according to a distant observer does not originally
vanish. Treating this case separately is not necessary,
but makes the above somewhat more transparent and
allows us to explore the meaning of the field line angular
velocity. First, consider a subvolume over which ΩF may
be considered to be a constant. In that subvolume the
vector potential Aα = (At, Ar, Aθ, Aφ) is given by:
Aα = (−ΩFAφ, Ar, Aθ, Aφ) . (A7)
Suppose we now make a boost to a new frame via φ′ =
φ− ΩFt. Then Aα′ is given by:
Aα′ = (0, Ar, Aθ, Aφ) . (A8)
Noting that Ftr = −At,r and Ftθ = −At,θ, we see that
in the new frame Ftr, Ftθ, and ΩF all vanish (sugges-
tive of the fact that ΩF may be interpreted as a mea-
sure of the rotation of magnetic field lines referenced to
zero angular momentum frames). In this frame we are
free to define an electric field that will evolve the mag-
netic field towards a force-free configuration using the
procedure outlined above. Noting that t = t′, r = r′,
θ = θ′, and vA
′
= vA we find that Aφ′(r
′, θ′) = Aφ(r, θ),
so Aφ′,t′ = −vA′Aφ′,A′ = −vAAφ,A = Aφ,t. Therefore
application of the magnetofrictional method in the origi-
nal frame inevitably moves the vector potential towards a
force-free configuration for all field line angular velocities.
Appendix B: Expanded Magnetofrictional Terms
In this section we expand the advection equation of
the magnetofrictional method, Aφ,t = −vAAφ,A, in order
to explicitly show the form of the equations being used.
We begin by noting that the advection equation may be
rewritten as:
Aφ,t = −νf
(
grrA2φ,r + g
θθA2φ,θ
)
. (B1)
Here we have exploited the fact that the coordinate ve-
locity may be rewritten as vA = −νFAβJβ = νfAφ,A
for a function f(r, θ, Aφ,ΩF,
√−gF θr). We then weight
the coefficient of friction ν by a measure of the poloidal
magnetic field strength:
ν = ν0
1
|Bp|2
. (B2)
Here ν0 is a constant; it is negative so that the mag-
netofrictional method converges and its magnitude is se-
lected for numerical stability. We define the magnitude
of the poloidal field |Bp|2 as:
|Bp|2 ≡ 1
Σ∆ sin2 θ
(
A2φ,θ + ∆A
2
φ,r
)
. (B3)
This weighting of ν is chosen primarily for convenience,
in that it prevents regions with relatively sharp gradients
in Aφ (i.e. large poloidal field) from evolving too rapidly
and its factor of ∆ removes the coordinate singularity on
the horizon. Using this weighting, the poloidal velocities
vr and vθ are given by:
vr = −ν0 f
Σ |Bp|2
∆Aφ,r,
vθ = −ν0 f
Σ |Bp|2
Aφ,θ. (B4)
The common prefactor may be expanded as:
f
Σ |Bp|2
=
1
A2φ,θ + ∆A
2
φ,r
1
4piΣ2
[
CBφ
d
dAφ
(√−gF θr)2
+ CrAφ,r + CrrAφ,rr + CΩrΩF,r
+ CθAφ,θ + CθθAφ,θθ + CΩθΩF,θ
]
. (B5)
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The factor CBφ is given by:
CBφ = −
1
2
Σ2. (B6)
Cr is given by:
Cr = −Σ∆α,r
= −2m∆
Σ
(
r2 − a2 cos2 θ)
+
4am∆
Σ
(
r2 − a2 cos2 θ) sin2 θ · ΩF
+
2∆
Σ
(
r5 + 2a2r3 cos2 θ − a2mr2 sin2 θ
+ a4r cos4 θ + a4m cos2 θ sin2 θ
)
sin2 θ · Ω2F
− 4amr∆ sin2 θ · ΩF,r
+ ∆
[
r4 + a2r2
(
2− sin2 θ)+ 2a2mr sin2 θ
+ a4 cos2 θ
]
sin2 θ · 2ΩFΩF,r. (B7)
Crr is given by:
Crr = −Σ∆α
= −∆ (r2 − 2mr + a2 cos2 θ)
− 4amr∆ sin2 θ · ΩF
+ ∆
[
r4 + a2r2
(
2− sin2 θ)
+ 2a2mr sin2 θ + a4 cos2 θ
]
sin2 θ · Ω2F. (B8)
Cθ is given by:
Cθ = −Σ sin θ
[ α
sin θ
]
,θ
=
1
Σ
[
r4 − 2mr3 + 2a2r2 cos2 θ
− 2a2mr (1− 3 sin2 θ)+ a4 cos4 θ] cos θ
sin θ
− 4amr
Σ
[
r2 + a2
(
1 + sin2 θ
)]
sin θ cos θ · ΩF
+
1
Σ
[
r6 + a2r4
(
3− 2 sin2 θ)+ 6a2mr3 sin2 θ
+ a4r2
(
3− sin2 θ) cos2 θ + a4mr (6− 2 sin2 θ) sin2 θ
+ a6 cos4 θ
]
sin θ cos θ · Ω2F
− 4amr sin2 θ · ΩF,θ
+
[
r4 + a2r2
(
2− sin2 θ)+ 2a2mr sin2 θ
+ a4 cos2 θ
]
sin2 θ · 2ΩFΩF,θ. (B9)
Cθθ is given by:
Cθθ = −Σα
= − (r2 − 2mr + a2 cos2 θ)
− 4amr sin2 θ · ΩF
+
[
r4 + a2r2
(
2− sin2 θ)+ 2a2mr sin2 θ
+ a4 cos2 θ
]
sin2 θ · Ω2F. (B10)
CΩr is given by:
CΩr = Σ∆GφAφ,r = Σ∆ (gtφ + gφφΩF)Aφ,r
= 2amr∆Aφ,r sin
2 θ
−∆ [r4 + a2r2 (2− sin2 θ)+ 2a2mr sin2 θ
+ a4 cos2 θ
]
sin2 θ · ΩFAφ,r. (B11)
CΩθ is given by:
CΩθ = ΣGφAφ,θ = Σ (gtφ + gφφΩF)Aφ,θ
= 2amrAφ,θ sin
2 θ
− [r4 + a2r2 (2− sin2 θ)+ 2a2mr sin2 θ
+ a4 cos2 θ
]
sin2 θ · ΩFAφ,θ. (B12)
In this form it is obvious that there are no divergences on
the horizon; as mentioned above this is a consequence of
scaling ν by the magnitude of the poloidal field. There
is however a sin θ divergence in Cθ; this is enforcing
Aφ,θ = 0 on the axis as a consequence axisymmetry. Note
also that inside the horizon Crr and Cθθ differ in sign;
this leads to the magnetofrictional method becoming in-
trinsically anti-diffusive and numerically unstable there.
As mentioned in the main text, outside the light surfaces
an overall factor of −1 is added to the above in order to
maintain numerical stability, as otherwise the sign of α in
the Crr and Cθθ terms leads to anti-diffusive numerical
instabilities. We finally note that all derivatives of Aφ
used to evaluate vA may be taken using central finite dif-
ferencing. A one-sided derivative appropriate to upwind
differencing is only taken to evolve the Aφ,A derivative
in Aφ,t = −vAAφ,A.
The derivative of the toroidal field (and field line an-
gular velocity, in cases where it is not uniform) is taken
to be an unknown function of Aφ. Practically we im-
plement it using a lookup table that is modified during
runtime to diminish any kinks that develop on the inner
light surface.
Appendix C: Expanded Percent Terms
In this section we detail our measure of how force-free a
given configuration is. Note that the force-free equations
may be written as:
− FαβJβ = Xα. (C1)
For a configuration to be force-free we must have Xα = 0.
If the toroidal field
√−gF θr is conserved along magnetic
field lines, as it must be when implemented as a function
of Aφ, then to within numerical error Xt = Xφ = 0.
The poloidal components of the momentum flux may be
written as:
XA = f ·Aφ,A. (C2)
Here f is a function of r, θ, ΩF,
√−gF θr, and Aφ; setting
f = 0 yields the transfield equation. To measure how
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force-free a given solution is, we must measure how close
to zero f is; explicitly, f is given by:
f = − 1
4piΣ∆ sin3 θ
[D1 +D2 +D3 +D4 +D5 +D6 +D7] .
(C3)
The functions Di are given by:
D1 =
1
2
Σ sin θ
d
dAφ
(√−gF θr)2
= − sin θ
Σ
· CBφ
d
dAφ
(√−gF θr)2
D2 = ∆α,r sin θAφ,r = − sin θ
Σ
· CrAφ,r
D3 = ∆α sin θAφ,rr = − sin θ
Σ
· CrrAφ,rr
D4 = sin
2 θ
( α
sin θ
)
,θ
Aφ,θ = − sin θ
Σ
· CθAφ,θ
D5 = α sin θAφ,θθ = − sin θ
Σ
· CθθAφ,θθ
D6 = −∆Gφ sin θAφ,rΩF,r = − sin θ
Σ
· CΩrΩF,r
D7 = −Gφ sin θAφ,θΩF,θ = − sin θ
Σ
· CΩθΩF,θ (C4)
To establish a measure of force-freeness, we take the sum∑
iDi and compare it to the (absolute) maximum Di
term, and insist that the ratio fall below a given thresh-
hold:
 =
∑
iDi
Max (|Di|) . (C5)
In this work we insisted that  < 1% over the entire
domain. In practice our algorithm yields   1% over
most of the domain with  ≈ 1% only on some segments
of the inner light surface.
